A dense neutrino medium can support neutrino oscillation waves which engender the collective flavor transformation of the neutrinos. The lack of systematic study of the dispersion relation (DR) of the neutrino oscillation wave has resulted in some important misunderstandings. We study the critical points of the DR function of the emerging fast flavor conversion of the neutrinos. We demonstrate how this theory can be applied to the neutrino medium with an (approximate) axial symmetry about the propagation direction of the neutrino oscillation wave. We also show how the instabilities can be identified by tracing the critical points of the DR as the electron lepton number distribution of the neutrino medium is changed continuously.
I. INTRODUCTION
Through the neutrino-neutrino forward scattering [1] [2] [3] , the dense neutrino gases present in the early universe, core-collapse supernovae and binary neutron star mergers can experience collective flavor transformation (see, e.g., Refs. [4] [5] [6] [7] among many other works, and Ref. [8] for a review). Such a collective flavor transformation can play important roles in the physical and chemical evolution of the environments of the neutrino gases. This phenomenon becomes particularly interesting after the realization that collective neutrino oscillations can occur at very high densities and on very tiny distance and time scales which are known as fast flavor conversions [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] (see also Ref. [19] for a review).
In the two-flavor-mixing scenario, the flavor transformation of a neutrino can be viewed as the rotation of the corresponding flavor (iso)spin s p in flavor space [20, 21] , where p is the momentum of the neutrino. It has been envisioned that the collective transformation of the neutrinos is engendered by the "neutrino flavor spin wave" s p (t, r) ∝ e i( K·r−Ωt) in the neutrino medium very much like the spin wave propagating through a magnetic lattice, where K and Ω are the wave vector and frequency of the wave [22] . However, most of the literature on collective neutrino oscillations has been limited to the models of one dimension in either space or time. This paradigm was dramatically changed with the recent discoveries of the spontaneous breaking of the spatial and temporal symmetries by the collective neutrino oscillations themselves (see, e.g., Refs. [23] [24] [25] [26] [27] [28] , and also Ref. [29] for a review). Since then, the dispersion relation (DR) approach and the instabilities of the DR have been introduced and investigated [11] [12] [13] 17] .
So far there still lacks a systematic study of the DR of the neutrino oscillation wave and the associated insta- * duan@unm.edu bilities. This insufficiency has resulted in some important misunderstandings. For example, it was stated in Ref. [11] that unstable DR branches of the neutrino oscillation wave always exist between the gaps of the real branches. This conclusion turns out to be limited to the medium with two neutrino beams whose DR function is a quadratic polynomial of the wave number and frequency [30] . It has been suggested recently that one can use the so-called "zero mode" to identify the instabilities of the DR [31] . This idea is also not universally true as it will be shown later in this paper.
In this work we study the DR of the fast flavor conversion by investigating its critical points. We identify various types of the critical points of the DR function in Sec. II after some brief reviews of the general theories of the instabilities and the DR of the fast flavor conversion of the neutrinos. In Sec. III we show how the theory can be applied to the neutrino medium with an (approximate) axial symmetry about the propagation direction of the neutrino oscillation wave. In Sec. IV we give our conclusions.
II. DISPERSION RELATION AND INSTABILITIES

A. General theories
Although the instabilities of the normal modes have been studied extensively in other fields, it shall be helpful to recap some of the main results here. To demonstrate the basic concepts of the instabilities, we consider an onedimensional medium with the wave equation
where ψ(t, z) is the amplitude of the wave supported by the medium at time t and position z, and D(i∂ t , −i∂ z ) is a linear operator that contains the derivatives with respect to time and space. A normal mode is a solution to Eq. (1) which has the form
where K and Ω are constants. Such a solution, if exists, implies the DR equation
We will use K = K(Ω) and Ω = K −1 (K) to denote the DR in terms of Ω and K, respectively.
In general, both Ω and K in Eq. (3) can be complex:
However, in practice one usually focuses on three kinds of DR branches:
1
• the real branches along the real axis of Ω with K(Ω ∈ R) also being real,
• the complex-K branches along the real axis of Ω but with K(Ω ∈ R) being complex,
• and the complex-Ω branches along the real axis of
A real DR branch gives rise to propagating waves in the medium with K and Ω being the wave number and the frequency of the wave, respectively. The complex-Ω and complex-K branches have been called the temporal and spatial instabilities in the recent literature on neutrino oscillations because of their apparent connections to the unstable waves and the amplifying waves whose amplitudes grow in time and space, respectively. However, these apparent connections are not always true. For example, it was pointed out by Sturrock [32] that a complex-K branch without a companion complex-Ω branch gives rise to evanescent waves instead of amplifying waves. To illustrate Sturrock's theory of instabilities, we consider a spatially localized perturbation at t = 0:
where ζ(K) is an analytic function of K that peaks at K 0 and has a finite spread. If Eq. (1) is a first-order differential equation in time, and if there exists a DR branch
is the solution to Eq. (1) that satisfies the initial condition in Eq. (4). Equation (5) describes a "space-like packet" which is bound in space at any given time. If K −1 (K) is a real branch, the initial wave packet is transported with the group velocity
If, however, (part of) K −1 (K) is a complex-Ω branch, and
is positive for a range of K where |ζ(K)| is appreciable, the amplitude of the wave in Eq. (5) grows exponentially in time. This indicates the presence of the temporal instabilities of the normal modes.
A temporal instability can be either convective or absolute (i.e. non-convective). If the perturbation moves away from the point of its origin as the wave amplitude grows, the corresponding instability is convective. If, as the perturbation grows in both amplitude and extent, it still embraces the point of the origin, the instability is absolute. We illustrate the evolution of three waves with no instability, with a convective instability, and with an absolute instability in Fig. 1 . Whether an instability is convective or absolute depends on the reference frame of the observer. Nevertheless, it is useful to make this distinction because there usually is a reference frame that one prefers to work with.
Sturrock noted that, if the instability is convective, ψ(t, z) is not only bound in z at any given t and but also bound in t at any given z. Therefore, at any spatial point, ψ(t, z) can be expressed in the form of a "time-like packet":
where ξ(Ω) is an analytic function of Ω with a finite spread. Meanwhile, Eq. (5) can also be rewritten as
where C is the path in the complex plane of Ω defined by
. Sturrock concluded that, if the path C could be continuously deformed in the complex plane of Ω to the real axis, the instability is convective, and
Otherwise, the instability is absolute. In Eq. (7), at least part of the DR branch K(Ω ∈ R) must be complex, or the wave will be stable. Therefore, a convective instability implies at least one companion complex-K branch to the complex-Ω branch, and the presence of a complex-Ω branch alone gives rise to absolute instabilities. However, we emphasize that, contrary to what was stated in Ref. [13] , the above reasoning does mean that the instability is always convective when both both complex-Ω and complex-K branches are present. As it will be shown later, an absolute instability can exist when the complex-Ω and complex-K branches do not form a closed contour on the complex plane of Ω (with the help of the real branch).
Using the symmetry between t and z one can easily see that the amplitude of the wave in a medium with a complex-K DR branch alone will look similar to Fig. 1 gives rise to evanescent waves which die down as t → ∞ at any spatial point.
Sturrock's theory does not address the importance of the branch points of the DR function K(Ω). It was pointed out by Briggs [33] that a branch point (Ω b , K b ) in the upper complex plane of Ω would result in absolute instabilities. In this case, the wave amplitude at a given spatial point z has the following asymptotic limit
B. The dispersion relation of the fast neutrino flavor conversion
The DR for fast neutrino flavor conversions was first derived in Ref. [11] . Here we briefly review its main results for the convenience of the readers and also to establish the formalism. We consider the mixing between two neutrino flavors, ν e and ν x . In a dense neutrino medium with all the neutrinos initially in the weak-interaction states, the flavor content of a neutrino momentum mode p at time t and location r can be described by the flavor density matrix [11, 34] 
where f νe/νx (p) are the initial occupation numbers of the corresponding neutrino flavors, the real field s p (t, r) and the complex field S p (t, r) describe the flavor conversion and the flavor coherence of the neutrino, respectively. In the absence of collisions, the neutrino flavor density matrix obeys the equation of motion [34] 
where ε = |p|, v = p/ε and M 2 are the energy, velocity and the mass-square matrix of the neutrino, respectively.
In the above equation,
and
are the matter and neutrino potentials, respectively, where G F is the Fermi constant, n e is the electron number density, andρ p is the flavor density matrix of the antineutrino which takes a form similar to Eq. (11). We focus on fast neutrino flavor conversions which occur on very short distance and time scales over which the physical conditions such as n e and f ν (p) (ν = ν e ,ν e , · · · ) are essentially constant. The fast flavor evolution of the neutrino is energy independent because the only energydependent term M 2 /2ε in Eq. (12) is much smaller than the rest of the Hamiltonian. (However, see Ref. [17] for a scenario where the slow and fast oscillations mix.) To be self-consistent, we also assume that no significant flavor conversion has occurred so that |S v | 1 and s v ≈ 1. In this case, it is useful to define the electron lepton number (ELN) distribution of the neutrino [11] 
the ELN density
and the ELN flux density
where dΓ v is the differential solid angle in the direction of v. Keeping only the terms of O(|S v |) or larger in Eq. (12), one obtains [11, 35] For a normal mode of collective neutrino oscillations,
where Ω and K are the frequency and wave vector of the normal mode, respectively, both of which are independent of v or the (initial) flavor of the neutrino. The mixing amplitude S v of the normal mode grows exponentially in time if Ω i > 0, and significant flavor conversions occur when |S v | ∼ 1. From Eq. (18) one sees that it is convenient to make the following shifts to the frequency and wave vector which do not affect the instabilities the normal modes:
With these shifts, the DR for the fast flavor conversions in a neutrino medium can be written as
where Π is a 4 × 4 matrix with elements
with η = diag[+1, −1, −1, −1] being the metric tensor of the Minkowski space. Because all the parameters and constants in the above equation are real, if (Ω, K) is a solution to Eq. (21), so is (Ω * , K * ), where the star indicates the complex conjugate.
C. The limits of the complex branches
We assume that the imaginary component of K, if it is nonzero, is parallel or anti-parallel to its real component which we assume to be along the z axis. With this assumption, Eq. (22) can be written as
where
with ϕ being the azimuthal angle of v about the z axis. It has been noted [11] that a real branch does not exist in the "forbidden region" where Π βγ is undefined. In this region, the "phase velocity"
2 of the normal mode
is within the range of [−1, 1]. In this subsection, we consider the limits of the complex branches. The DR function K = K(Ω) is (uniquely) defined by the DR equation D(Ω, K) = 0 in the neighborhood of the points where ∂D/∂K is defined and is nonzero. Therefore, we expect a complex-K branch to end at the critical points where ∂D/∂K is either 0 or undefined. 3 There are three types of critical points for the complex-K branches. At a critical point of the first type, ∂D/∂K = 0. Near this point, the DR equation can be written as 
and where a conjugate pair of complex-K branches connect to the real branch. A critical point of the second type is located at a finite value of Ω c where the phase velocity approaches a real nonzero value V c within the forbidden region. At this critical point ∂D/∂K is undefined. The two real values of K c = Ω c /V c and V c can be solved simultaneously from Eq. (21) by using
where the subscript 'c' indicates the values at this critical point. Here we have used the SokhotskiPlemelj theorem
2 Because of the redefinition of Ω and K in Eq. (20), V is not the actual phase velocity of the neutrino oscillation wave. 3 One may wonder whether a complex-K branch can extend to Ω → ±∞. From Eq. (23) one sees that V of a complex-K branch must approach a finite real critical value Vc within the forbidden region as Ω → ±∞, or Π βγ → η βγ and Eq. (21) would not hold. Unless the ELN distribution is discontinuous, one can show that Vc corresponds to a critical point of D(Ω, K).
with the symbol P denoting the principal value of the integral. The critical point Ω c is also a branch point of K(Ω) on the complex plane of Ω where a conjugate pair of complex-K branches meet. A special case of the critical points of the second type is where V c is a crossing point of the ELN distribution so that G(V c , ϕ) = 0 for all ϕ. In this case, G βγ (V c ) = 0, and
One can use the above expression to solve Eq. (21) for K c and Ω c . The last type of the critical points is at Ω = 0 where ∂D/∂K is also undefined. Unlike a critical point of the second type, K 0 = K(0) is complex which can be solved from Eq. (21) by using
Similarly, a complex-Ω branch can end at two types of critical points. At a type-I critical point (Ω t , K t ), ∂D/∂Ω = 0. This point is also a turning point of the real branch
where we use the subscript 't' to indicate this type of critical points. A conjugate pair of complex-Ω branches join a real branch at (Ω t , K t ). A type-II critical point for the complex-K branches is also a type-II critical point for the complex-Ω branches where both ∂D/∂K and ∂D/∂Ω are undefined. The points where K = 0 are not critical because ∂D/∂Ω is well defined there.
III. NEUTRINO MEDIA WITH THE AXIAL SYMMETRY
As a concrete example, we consider the neutrino media with an (approximate) axial symmetry about z axis. For such a medium, Eq. (21) gives two DRs with different symmetry properties [11] :
with
Equation (33) is for the normal modes of axially symmetric (AS) polarizations (i.e., S v is independent of the azimuthal angle ϕ), while Eq. (34) is for those with (axial-)symmetry-breaking (SB) polarizations [11, 36] . The AS modes are the mixtures of the monopole mode ( = 0) and the axially symmetric dipole mode ( = 1 and m = 0), and the SB modes are the linear superposition of the two degenerate dipole modes with m = ±1 [37] . Because the typical distance scale of fast neutrino flavor conversions is ∼ G F n ν , we define µ = √ 2G F n νe (37) to be the unit of all quantities with dimensions, where
is the (initial) number density of ν e 's. To demonstrate the typical features of the DRs of fast neutrino flavor conversions, we employ a set of 6 parameterized distributions all of which are of the form:
where i = 1, 2, · · · , 6,
is the Gaussian distribution with the normalization condition 1 −1 g dv z = 1, and the values of α i ,v i , and σ i are listed in Table I . All the distributions have positive ELN densities Φ 0 > 0, but their ELN flux densities Φ z in the z direction can be either positive or negative:
• G 1 is a distribution that stays positive for all v z ;
• G 2 has a "shallow" crossing and a positive Φ z ;
• G 3 and G 4 have "moderate" crossings and negative Φ z ;
• G 5 and G 6 have "deep" crossings and negative Φ z .
These ELN distributions are plotted in Fig. 2 . 
A. Symmetry-breaking modes
Real branches
The real DR branches of the SB modes can be readily solved from Eq. (34) in terms of the "refractive index" [11] 
For each value of n ∈ [−1, 1] one obtains
As noted in Ref. [11] , the real branches of the SB modes always end at finite values of Ω and K because
are finite. As mentioned in Sec. II C, the turning points of the real branches are also critical points of the DR. To locate these turning points, we differentiate Eq. (42) with respect to n and obtain
Based on the overall geometric shapes of their real DR branches, the 6 parameterized ELN distributions fall into three categories.
The first category of the ELN distributions includes G 1 which remains positive for the whole range of v z . The real branch of an ELN distribution in this category has the following properties:
• K(n) is a monotonically increasing function of n because dK/dn > 0.
• Both Ω(n) and d 2 Ω/dn 2 stay positive for the whole range of v z , but dΩ/dn changes sign between v z = −1 and 1 because dΩ dn n→−1
and dΩ dn
This implies the existence of a turning point (Ω b , K b ) on the real branch where dΩ/dK = 0.
The second category includes G 2 and G 3 which are slightly negative in the forward direction (v z = 1). The real branch of a category-II distribution is similar to that of category I but with the following important differences:
• dK/dn changes sign near n = 1 because dK dn
This implies the existence of a turning point (Ω t , K t ) on the real branch where dK/dΩ = 0.
• dΩ/dn changes sign again near n = 1 where dΩ/dn becomes negative [see Eq. (46)]. This indicates the appearance of another turning point (Ω b , K b ) on the real branch.
The last category of the ELN distributions include G 4 through G 6 whose real DR branches have only one critical point (Ω t , K t ).
We calculated the real DR branches for G 1 , G 3 and G 5 , which represent the three categories of ELN distributions, and show them as solid curves in Fig. 3 . pair of complex-K branches run from (Ω c , K c ) to (0, K 0 ) and (0, K * 0 ), respectively. A category-I ELN distribution does not have any complex-Ω branch because there does not exist any critical point for these branches. Both category-II and category-III distributions have two critical points which are located at K = K t and K c , respectively. Therefore, a pair of complex-Ω branches run from (Ω c , K c ) to (Ω t , K t ).
Complex-K and complex-Ω branches
We calculated the complex-K and complex-Ω branches for G 1 , G 3 and G 5 , respectively, and show them as dashed and dotted curves in Fig. 3 .
B. Identifying the instabilities
The above results have clearly illustrated some of the misunderstandings in the literature. For example, instead of being confined to the "gap" of the real branches as suggested by Ref. [11] , the complex-K branches for the G 5 distribution co-exist with the real branch in some range of Ω r . One also sees that the complex-Ω branches exist for this distribution even though the zero mode is stable, i.e. K −1 (K = 0) is real. The study of the DR branches of the SB modes reveals an interesting pattern of how the instabilities appear and evolve as the ELN distribution is changed continuously. One starts from a category-I distribution without crossing which has no complex-Ω branch. For this distribution all the branch points (Ω b , K b ) are located on the real axis of the complex plane of Ω, and they are the turning points on the real branch. There is no branch point on the upper or lower complex plane which would imply the existence of complex-Ω branches [33] .
The instabilities may begin to occur as one varies the ELN distribution. Because the strength of the instability increases with the magnitude of Im(Ω b ), we expect that all the branch points should appear on the real axis first before moving to the upper and lower complex plane of Ω. As the ELN distribution begins to develop a shallow crossing and become category II, two new turning points, (Ω b , K b ) and (Ω t , K t ) appear on the reach branch. The complex-Ω branch (with Ω i > 0) connecting to (Ω t , K t ) gives rise to convective instabilities because there is no branch point on the upper complex plane of Ω. This also agrees with Sturrock's theory because the path C of this complex-Ω branch can be deformed continuously in the complex plane of Ω to a path along the real axis which is made of a complex-K branch and a segment of the real branch. (See the lower middle panel of Fig. 3) .
As the crossing of a category-II distribution becomes deeper and deeper, the two turning points (Ω b , K b ) and (Ω b , K b ) on the real branch come closer and closer to each other and finally merge into a saddle point. Correspondingly, the two pairs of complex-K branches merge into a single pair. As the crossing of the ELN distribution further deepens, the two branch points of K(Ω) move to the upper and lower complex planes with Ω b = Ω * b
and K b = K * b . Although these branch points are not on the real branch, their existence can be inferred by the fact that the complex-K and real branches pass each other without intersection. (See the upper right panel of Fig. 3 .) According to Briggs' theory, the instabilities associated with the complex-Ω branch of a category-III distribution are absolute. This conclusion is also in agreement with Sturrock's theory because the path of the complex-Ω branch in the upper complex plane of Ω cannot be deformed to the real axis due to the existence of the branch point. (See the lower right panel of Fig. 3 .) This result can also be deduced from the paths of the DR branches in the Ω r -K r plane where no closed loop is formed by the complex-Ω branch and other DR branches with real Ω.
C. Axially symmetric modes
The real branches of the AS modes can also be solved in terms of n:
The evolution of the DR branches of the AS modes with the changing ELN distribution is similar to that of the SB modes but with a few new twists. For the AS modes, the distributions G 1 through G 6 each has its unique features and represents its own category. We calculated the DR branches of the AS modes for all 6 distributions and plot them in Fig. 4 .
Category I
The distributions represented by G 1 has no crossing. For such a distribution,Ĩ 0 >Ĩ 2 > 0 andĨ 2Ĩ0 >Ĩ 2 1 . Therefore, Ω ± (n) represent two separate real branches. In the limit n → ±1, Ω ± → ±∞ because
The "plus" and "minus" real branches each has a critical point, (Ω b+ , K b+ ) and (Ω b− , K b− ), and two conjugate pairs of complex-K branches run from these critical points to (0, K 0+ ), (0, K * 0+ ), (0, K 0− ), and (0, K * 0− ), respectively. There is no complex-Ω branch for a category-I distribution because there exists no critical point associated with these branches.
Category II
The distributions represented by G 2 has a shallow crossing near the forward direction. Because G(1) is slightly negative, ∆ n→1 − − −−− → −∞. As a result, the real branch Ω ± (n) is defined for n ∈ (−1, n ], where ∆(n ) = 0. The originally separated two real branches bend sharply toward each other near V = 1 and merge into a single real branch at V = 1/n . Around the sharp bends of the real branch new critical points (Ω b± , K b± ) and (Ω t± , K t± ) appear. Another pair of critical points (Ω c± , K c± ) also appear on the positive and negative sides of Ω r both of which correspond to the crossing point V c of the ELN distribution. With the appearance of the new critical points, two additional conjugate pairs of complex-K branches run from (Ω b± , K b± ) to (Ω c± , K c± ), and two conjugate pairs of complex-Ω branches run from (Ω t± , K t± ) to (Ω c± , K c± ). Both complex-Ω branches with Ω i > 0 give rise to convective instabilities.
Category III
The distributions represented by G 3 have deeper crossings than G 2 . On the positive side of Ω r , the two branch points (Ω b+ , K b+ ) and (Ω b+ , K b+ ) have moved off the real branch to the upper and lower complex planes of Ω, and the two pairs of complex-K branches have merged into a single pair. Correspondingly, the instabilities associated with the complex-Ω branch connecting to (Ω c+ , K c+ ) become absolute.
Category IV
The distributions represented by G 4 have even deeper crossings than G 3 . At this point, the two branch points (Ω b− , K b− ) and (Ω b− , K b− ) have also moved off the real branch to the upper and lower complex planes of Ω, and the two pair of complex-K branches on the negative side of Ω r have merged into a single pair. The complex-Ω branches on both the positive and negative sides of Ω r give rise to absolute instabilities. 
Category V
As the crossing of the ELN distribution becomes deeper and deeper, the two turning points (Ω t+ , K t+ ) and (Ω t− , K t− ) move closer and closer to each other and eventually merge into a saddle point before disappearing from the real branch. For the G 5 distribution, the two pairs of complex-Ω branches have merged into a single pair and run from (Ω c+ , K c+ ) directly to (Ω c− , K c− ).
Category VI
As the crossing of the ELN distribution becomes so deep that Φ 0 − Φ z > 0 [but still with G(1 > 0)], ∆ becomes negative even at n = 1. At this point, the real branch has disappeared leaving only two pairs of complex-K branches and one pair of complex-Ω branches.
IV. CONCLUSIONS
We have studied the critical points of the DR of the fast flavor conversion of the neutrino medium. These critical points are also the end points of the unstable and amplifying DR branches. Applying these results to the neutrino medium with the axial symmetry, we demonstrated how the DR branches and instabilities emerge and evolve as the ELN distribution is changed continuously. We showed that, as one starts from an ELN distribution with no unstable DR branches and varies it continuously, the branch points of K = K(Ω) first appear as the turning points on the real branch(es) before moving to the upper and lower complex planes of Ω. In this process, convective instabilities always appear first and then may evolve into absolute instabilities as the ELN distribution changes.
Our work clarifies a few important misunderstandings of the neutrino oscillation wave. It provides a way to systematically study the DRs and instabilities of the neutrino oscillation wave. It also contributes to a good theoretical foundation for the future studies of collective neutrino oscillations in core-collapse supernovae and binary neutrino star mergers such as those in Refs. [12, 18] .
